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Intorduction to MDPs

° MDP describes environment

C—

o Fully observable - state completely characterises the process

@ Almost all RL problems can be formalised as MDPs

Definition
A state S; is Markov iff

PIS..1S,) = PIS..a| 5 51

@ captures all relevant information
L} ——

@ can throw away the history if we know state N
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Markov decision processes

MOP :

Definition
A Markov Process (or Markov Chain) is a tuple (S,
e S is a (finite) set of states

@ P is a transition probability matix

Pes = P[Sei1 = s'|S; = 5]

S v
A X
P v

p WX
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Markov decision processes

Student’s MYP 1

0.2
@9M—>|Ga_ss 3
4

Lfrom David Silver course

DOROZHKO Anton (Novosibirsk State Univd

Value and Policy Iteration

- ] Sity

*THE REAL SCIENCE

May 16, 2020 5/41



Markov decision processes

Markov Reward Process
—_—

MDP S v

- Pv

Definition
A Markov Reward Process is a tuple (S,P,R,7) A' K
e S is a (finite) set of states R ~

@ P is a transition probability matix
PSS/ - P[St+1 — 5,’51_- — 5]

@ R is a reward function : Ry = E[R;11|5: = 5]

@ v is a discount factor, v € [0, 1]

University
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Student’'s MRP 2
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Markov decision processes

Discounted Reward

cwnnulative veward Y

Gr Re +vRej1... Z ’7th+1<+1
o

If max R =1then Gy = >~ =
R=+1 discounted n times
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Discounted Reward

*THE REAL SCIENCE

DOROZHKO Anton (Novosibirsk State Univd Value and Policy Iteration May 16, 2020 9/41



Markov decision processes

Value Function

Definition
xR . .
The state value function V(s) of an MRP is the expected return
| ———— Cm———
starting from state s

V(s) = E[G,|S; = s]

V(s) gives the long-term value of state s

N
(W
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State value function’s for Student MRP 3

vis) fory =0

Ty

LIniversin
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State value function's for Student MRP 4

vis) for y =09

—
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Bellman Equation for Value Function

Decomposition:
@ immediate reward R;;
RN

e discounted value of the next state v V/(5;.1)

V(s) = IE[-(_JL|St =s]
= E[Rt+1 + ’th—‘,—Z ‘I— 72Rt+3 + |5t = 5]
= E[Rt+1 + "}/(Rt+2 + ”)/Rt+3 + )‘St = 5]

.

= E[Rt—i-l + ’YGt—irl‘St = 5]

= E[Ress +7Ven|Se = 5] )' N*
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Bellman equation MRP

curcit  volue ot nex
F:.” state
-V_(i)- = E[RtJrl + VV(5t+1|5t =5)] V

S
V(s) =r+7 S Puv(s) (s
2

St \SGS ——-—,_ o

1 JIVWN*Y'.\ o
V : _VZR'F’YPV s ° ;..
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Markov decision processes

V=R++yPV
(Il —yP)V =R
V=(-7P)'R

e O(n?) for n states
G
o small MPs
@ Other options:
o Dynamic programming (DP)
o Monte-Carlo evaluation (MC) &=
o Temporal-Difference learning (TD) = Nv-,ff
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Markov Decision Process
MP

Definition %
A Markov Decision Process is a tuple (S,;él_, P.R,v)

e S is a (finite) set of states

MRP

@ A is a finite set of actions
@ P is a transition probability matix

Passl - ]P)[St_l,_]_ — Sl|5t — 5, At — a]
e Sa—
@ R is a reward function :

Ras = E[Rt+1|5t =S, At — a]
m—
@ 7 is a discount factor, v € [0, 1]

4
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Student’s MDP °

Facebook
R=-1

(it Facehoak

R=0
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Policy

Definition
A policy 7 is a distribution over actions given states

m(als) = P[A: = a|S: = 5]

(G\s\ Y f a ( n % ‘.0'

«"

5s!  ymadrix
0<; A N e
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Value Function

State-value function

The state value function V,(s) of an MDP is the expected return
starting from state s, and then following policy 7

J g policy Q"'T

v

‘Vﬂ(s)': Er[Gt[S: = 5] «
= S

The action-value function Q(s, a) is expected return starting from
state s, taking action a, and then following policy pi

Q. (s, a) = E+[G|S; = 5, A; = 4] o——»"

Action-value function

e

= arquex B(50) ST
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Notation variants

E[Go] = E[Ry + YRy + ... + 7" Ry]
T = E[Golm]
= IE;Ti[GO]
e

E(St at) )ZPo [ftht]

e [G rb\\w.‘k |-bmﬁ°‘)"ﬂ6

7T = (507307517317“ ar— lasT)
o py(7) = p(s0) Ht 0 7T6(at|5t) (Se+1]Se, ar)

e 3|
M{' bm‘*.,o“ *THE REAL SCIENCE
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Bellman Expectation Equation

Decomposition into immediate reward plus discounted value in next
R

V() = Ex[Rey1 + 7 Va(St41) |5 = ]

er(Sa 3) = ]ETr[Rt+1 + ’Yq7r(5t+1> At+1)‘5t =5 A = 3]

N " W
T
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Optimal Value Functions

Definition
The optimal state-value function V,(s) is the maximum value
function over all policies

V.(s) = max V,.(s)

The optimal action-value function Q. (s, a) is the maximum
action-value function over all policies

Q«(s,a) = max Q. (s, a)

N
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Optimal Policy

Partial ordering over policies

7>7 if Vi(s) > Vu(s)

Theorem
For any Markov Decision Process( MDP)
@ There exists an optimal policy m, that is better than or equal to
all other policies m, > w, V'
o All optimal policies achieve the optimal values function
Vr.(s) = Vi(s)
o All optimal policies achieve the optimal action-value function

Qr.(s,a) = Qu(s, a)

4
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[terative algorithm

V(s)

o Initialize Vp(s) =0 for all s
o for k = 1 until convergence

o forallse S MW“A
&(2 = R(s) + :ZE;S P(s'|s)Vi_1(s")

e O(|S?) for each iteration
p(s'(s)
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Policy lteration

MDP + Policy

2ix po /:’og evaluotio 7

@ MDP + 7(a|s) = Markov Reward Process
e MRP( S, R™,P™,7), where

R™(s)=> m(als)R(s,a) .
acA y PY
P(s'|s) =) m(als) ® \
acA 3 ® S
@ We can reuse iterative algorithm ®

LInversity
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[terative algorithm

.S _’ga MDP

(s, o)
o Initialize Vo(s) =0 for all s
e for k = 1 until convergence P(S' \ S’Q)

o forallse S

Vo Vs = s mls) +0 D pls'ls w(s) V()

s'eS

e Bellman backup for particular policy
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MDP Control

@ Compute optimal policy

*(s) = arg max V"(s)

@ There exists a unique value function
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Policy lteration

Gridworld example

A=

T 4 s |8 |7 7= =4
on all transitions

l 8 ] 10 11

actions e ks e x
m Undiscounted episodic MDP (v = 1) 6 = R""'R"“” ¥...

m Nonterminal states 1.....14

m One terminal state (shown twice as shaded squares)
m Actions leading out of the grid leave state unchanged
m Reward is —1 until the terminal state is reached

m Agent follows uniform random policy

w(n|-) = n(e|) = n(s|-) = w(w|-) = 0.25 I% -
weruate T2 V(8) Htcns

DOROZHKO Anton (Novosibirsk State Univd Value and Policy Iteration May 16, 2020 28 /41



Gridworld example
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Policy Iteration(PI)

e =0
e Initialize my(s) randomly for all s

@ While i==0or ||1; —m_1|| > 0 /é
e V™ + MDP policy evaluation of i
e Tty < Policy improvement

e i=1i+1 9,?
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Q function

Action value or State-Action value or Q-function

Qw(5> a) = Ew[Rt+1 + 7q7r(5t+17 At+1)|5t =5A = a]
r—— ——————

"(s,a) = R(s,a s'|s,a) V™ (s 5
Q"(s,a) = R(s, )+’Y§_ﬁ( s, )va(,-z,o\ o V(".
Take action a, then follow policy 7 x / o
-,
s & N>~
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Policy Improvement

o Compute Q function of 7;
o ForseSandac A:

Q" (s,a) = R(s,a) +7 ) _ P(s'ls,a)V™(s)

s'eS

@ Compute new policy ;11

miy1(s) = argmax Q™ (s,a) VYse S
o a

——
N (W] it
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Monotonic Improvement in Policy

T, = oo G
), Vols) < maxQ7(s.2) T S %d
7. :365’a)+7§P s'|s,a)V™i(s ))
) ~ Rls (5] 7 Y Pl VS
s'eS
U < R(s,miga(s)) +7 Y P(s']s, mis1(s)) max Q"(s;, &)
V) continue to expand ;’ezsw
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Value lteration

@ Policy iteration : computes optimal value and policy
o Value Iteration :

o Optimal value for state s if k episodes left
o lterate to consider longer episodes

e I

| |
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Gridworld example

Example: Shortest Path

- - al|o|o0 Y BERE] - a2 e
o|lo|o|o Aaflafa|a a |2 2|2
o |la|o|o0 1 la]a]a z Qa2
o|lo|o | A |« [a |- 2 || 2|2
Problem vy Vs Vi
a—
- a2 |3 - R - - a 2| - 4 ]l2| 8
ale|a)| 3 a4 |2|8 |« a2 |a| e a2 | e | 4 ¢
2|a|a|=a @ | 4 | w | 2 |ala|s 2 |@|a|s
a|lalal|a 3| 4|4 -a 3 |4|s]|s 3 |4|s| %

A Vg Vg v, l |

1
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Value lteration

o k=1
e Init Vo(s) =0
@ Look until convergence / T
("]
Viri(s) = max R(s,a) 4+~ Z P(s'|s, a) Vi(s")
S— s’eS
e Operator view % VV\A*R*

Vi1 = BVk

o mit1(s) = argmax, R(s,a) + v ocs P(s]s,a) Vi(s')
V

— .
N .4 rsh
T
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Contraction Operator

Let O be an operator, and ||.|| denote any norm of x
if [|[OV — OV’|| < ||V — V|| then O is a contraction operator
O has fixed point x

e Slketon
(deov
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Proof: Bellman Backup is a Contraction on V for

v <1
v A
° H.

V- V|| = S[V(s) — V/
| | = max||V(s) = V'(s)]|

V(s) =

Exercise
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Figure: Doom Classic

A Partjally Observable Markov Decision Process is an MDP W|th
hidden states. It 1s HMM with actions.

LT LI
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POMDP

Definition i) J,

A POMDRP is a tuple (S, 4,0, P, R, Z,7)
e Sis a (finite) set of states o= WW
@ A is a finite set of actions

o O is a finite set of observations

° 77 is a transition probability matix
ss’ ]P)[Slur]_ =S |5t S, At = a]
@ R is a reward function : R2 = E[R;11|S: = s, A: = 4]

@ Z is an observation function Z3_ =P[O :._O_’.St =N A = a|

@ ~ is a discount factor, v € [0, 1]

" . Y |_\i-'l
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Questions ?

The only stupid question is the one you were afraid to

ask but never did
- Rich Sutton
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